We shall show that 2 and 9 are the only biunitary superperfect numbers.
has been found. Subbarao [10] conjectured that there are only finitely many unitary perfect numbers.
Similarly, a positive integers N is called biunitary perfect if σ * * (N ) = 2N . Wall [13] showed that 6, 60 and 90, the first three unitary perfect numbers, are the only biunitary perfect numbers.
Combining the notion of superperfect numbers and the notion of unitary divisors, Sitaramaiah and Subbarao [7] studied unitary superperfect numbers, integers N satisfying σ * (σ * (N )) = 2N . They found all unitary super perfect numbers below 10 8 (Further instances are given in A038843 in OEIS https://oeis.org/A038843). The first ones are 2, 9, 165, 238. Thus there are both even and odd ones. The author [15] showed that 9, 165 are all of the odd ones. Now we can call an integer N satisfying σ * * (σ * * (N )) = 2N to be biunitary superperfect. We can see that 2 and 9 are biunitary superperfect as well as unitary superperfect, while 2 is also superperfect (in the ordinary sense).
In this paper, we shall determine all biunitary superperfect numbers.
Theorem 1.1. 2 and 9 are the only biunitary superperfect numbers.
Theorem 1.1 can be thought to be the analogous result for unitary superperfect numbers by the author [15] . Our proof is completely elementary but has some different character from the proof of the unitary analogue. Our argument leads to a contradiction that σ * * (σ * * (N ))/N > 2 in many cases, while Yamada [15] leads to a contradiction that σ * (σ * (N ))/N < 2. Moreover, in the biunitary case, we can determine all (odd or even) biunitary superperfect numbers.
Our method does not seem to work to find all odd superperfect numbers. It prevents us from bounding ω(N ) and ω(σ(N )) that σ(p e ) with p odd takes an odd value if e is even. All that we know is the author's result in [16] that there are only finitely many odd superperfect numbers N with ω(N ) ≤ k or ω(σ(N )) ≤ k for each given k.
Finally, analogous to G. L. Cohen and te Riele [4] , we can define a positive integer N to (m, k)-biunitary perfect if its m-th iteration of σ * * equals to kN . We searched for numbers which are (2, k)-biunitary perfect for some k (or biunitary multiply superperfect numbers) and exhaustive search revealed that there exist 173 integers N below 2 30 dividing σ * * (σ * * (N )) including 1, which are given in Table 1 .
Based on our theorem and our search result, we can pose the following problems:
• For each integer k ≥ 3, are there infinitely or only finitely many integers N for which σ * * (σ * * (N )) = kN ? In particular, are the 24 given integers N all for which σ * * (σ * * (N )) = kN with k ≤ 5?
• For each integer k = 19 or k ≥ 21, does there exist at least one or no integer N for which σ * * (σ * * (N )) = kN ?
• Are N = 9, 15, 21, 1023, 8925, 15345 all odd integers diving σ * * (σ 
Preliminary Lemmas
In this section, we shall give several preliminary lemmas concerning the sum of infinitary divisors used to prove our main theorems. Before all, we introduce two basic facts from [13] . The sum of biunitary divisors function σ * * is multiplicative. Moreover, if p is prime and e is a positive integer, then
, if e is even.
(
We note that, using the floor function, this can be represented by the single formula:
From these facts, we can deduce the following lemmas almost immediately.
Lemma 2.1. σ * * (n) is odd if and only if n is a power of 2 (including 1). More exactly, σ * * (n) is divisible by 2 at least ω(n) times is n is odd and at least ω(n) − 1 times is n is even. 
) is divisible by 2 at least r times, where r = ω(n) if n is odd and ω(n) − 1 if n is even. 
e with e ≥ 2m − 1 takes its minimum value at e = 2m. Now we shall quote the following lemma of Bang [1] , which has been rediscovered (and extended into numbers of the form a n − b n ) by many authors such as Zsigmondy [17] , Dickson [5] and Kanold [6] . See also Theorem 6.4A.1 in [8] .
Lemma 2.3. If a > b ≥ 1 are coprime integers, then a n − 1 has a prime factor which does not divide a m − 1 for any m < n, unless (a, n) = (2, 1), (2, 6) or n = 2 and a + b is a power of 2. Furthermore, such a prime factor must be congruent to 1 modulo n.
As a corollary, we obtain the following lemma: Proof. Let p be an arbitrary prime, which can be 2. We set m = e/2, l = e/2 + 1 if e is even and m = l = (e + 1)/2 if e is odd. (2) 
Hence if e = 2s (with s even or odd) and s > 1, then σ * * (σ * * (N )) > 2N , a contradiction again. Now we have e ≤ 2 and we can easily confirm that 2 is biunitary superperfect but 4 not. Hence N = 2 is the only one in the case σ * * (N ) is odd. Nextly, we assume that σ * * (N ) is even and 2 e || N, 2 f || σ * * (N ). We can easily see that
If e = 2 and f = 2, then Lemma 2.2 gives that (σ If (e, f ) = (2, 1), then σ * * (2) = 3 | N and therefore, by Lemma 2.2,
which contradicts the assumption that σ * * (σ * * (N )) = 2N . Similarly, it is impossible that (e, f ) = (1, 2).
The last remaining case is the case (e, f ) = (2, 2). Now we see that σ * * (2 2 ) = 5 must divide both N and σ * * (N ). Let 5 g || N and 5 h || σ * * (N ). If g = 2 and h = 2, then σ * * (σ * * (N ))/N ≥ (5/4) 2 (6/5) 2 > 2, which is a contradiction again. If g = 2 and h = 2, then 13 = (5 2 + 1)/2 must divide N . We must have 13 2 || N since otherwise σ * * (σ * * (N ))/N ≥ (5/4) 2 (6/5)(26/25)(14/13) > 2, an contradiction. Since σ * * (13 2 ) = 2 · 5 · 17, 17 must divide σ * * (N ). Proceeding as above, 17 2 must divide σ * * (N ) and 29 = σ * * (17 2 )/10 must divide N . Hence three odd primes 5, 13 and 29 must divide N and 2 3 must divide σ * * (N ), which contradicts that f = 2 in view of Lemma 2.1.
Finally, if g = 2, then 13 = σ * * (5 2 )/2 divides both N and σ * * (N ). Let k be the exponent of 13 dividing σ * * (N ). If any odd prime p other than 5 divides σ * * (13 k ), then three odd primes 5, 13 and p must divide N and 2 3 must divide σ * * (N ), contradicting that f = 2 again. Hence we must have σ * * (13 k ) = 2 a 5 b , which is impossible by Lemma 2.4 noting that σ * * (13) = 2 · 7 and σ * * (13 2 ) = 2·5·17. Now we have confirmed that 2 is the only even biunitary superperfect number.
The odd case
Let N be an odd biunitary superperfect number. Since 2 || 2N = σ * * (σ * * (N )), by Lemma 2.1, we have σ * * (N ) = 2 f q g and σ * * (2 f )σ * * (q g ) = 2N for some odd prime q. Factor N = i p ei i into distinct odd primes p i 's. Firstly, we consider the case f = 2m − 1 is odd. Hence σ * * (2 f
which is impossible. Hence we must have m = f = 1 and σ * * (2 f ) = 3 divides N . But, since ω(N ) ≤ m by Lemma 2.1, we must have N = 3 e . By Lemma 2.4, we have e ≤ 4. Checking each e, we see that only N = 3 2 is appropriate. Nextly, we consider the case f = 2m is even and σ * * (2 f ) = (2 m − 1)(2 m+1 + 1).
If 2 m+1 + 1 is composite, then some p 1 ≤ √ 2 m+1 + 1 must divide 2 m+1 + 1. We observe that 2 m+1 + 1 = p 
which is impossible. If m = 2 and p 1 = 3, then, since σ * * (2 4 ) = 3 3 , we must have e 1 = 3 or e 1 = 4 and therefore, by Lemma 2.2,
which is impossible again. Hence p 1 = 2 m+1 + 1 must be a prime dividing N . By Lemma 2.4, we must have e 1 ≤ 4.
If e 1 = 1, 3 or 4, then p 1 + 1 = 2 m+1 + 2 divides σ * * (N ) and therefore p 1 + 1 = 2(2 m + 1) = 2q l . By Lemma 2.4, m = 3, 2 3 + 1 = 3 2 or 2 m + 1 must be a prime. In the latter case, we must have m = 1 since 2 m + 1 and p 1 = 2 m+1 + 1 are both prime. Hence m = 1, p 1 = 5 or m = 3, p 1 = 17 and, in both cases, q = 3.
The former case (m, p 1 , q) = (1, 5, 3) implies that σ , p 1 , q) = (1, 5, 3) . The latter case (m, p 1 , q) = (3, 17, 3) implies that σ * * (N ) = 2 6 3 g and therefore σ * * (σ * * (N ))/N > (119/64)(10/9) > 2 = σ * * (σ * * (N ))/N , which is a contradiction again. Now the remaining is the case p 1 = 2 m+1 + 1 is prime and e 1 = 2, so that p l , then Størmer's result [9, p. 26] gives that p 1 = 3 or 7, neither of which can occur since p 1 = 2 m+1 + 1 must be a Fermat prime greater than 5. Hence the only possibility is that m = 1, p 1 = 5 and q = 13. We see that σ * * (N ) = 2 2 ), which is a contradiction. Now our proof is complete.
